Abstract-An electrostatic induction micromotor has been simulated and analyzed using the Finite Formulation. An approach based on a primal-dual barycentric discretization of the 2D space is presented, considering the potential in each node on the primal mesh as unknown. We have introduced the analytical solution of the mathematical model for a simple geometry of the micromotor. The Finite Formulation solution has been compared with the analytical and FEM solution for verification purposes.
mode of the micromachine and Table 1 shows the nomenclature introduced.
This study is focused in the linear micromachine due to the greater simplicity of its analytical equations. The linear micromachine is the unfolding of a rotating electric micromachine and this is the reason why the conclusions obtained for the linear micromachine are easily generalized to the rotating one. 
II. DIFFERENTIAL FORMULATION
The fundamental problem of a physical field can be stated as follows: first, we introduce the shape and the dimension of the field domain, second we study the spatial and temporal distribution of the field sources; third we present the nature of the material that fills the field domain, and finally we obtain the boundary condition that summarize the action of the external of the field domain [2] .
To begin with, we present the following equations that are referenced in [11] - [13] , and they have been taken as the base for this work.
As initial assumption we use Gauss's law:
The charge conservation law says:
As initial hypothesis we assume a quasi conservative electric field 
From (2) and (4), we obtain (6) and from (1) and (5), we obtain
In the same way we can eliminate E from (7) and because (8) we obtain (9) When the micromotor stars, then v=0, so
The previous equation is expressed in the time domain. In sinusoidal stationary regimen, the operator is equal to jω and it is expressed in the following form (11) where is an electric scalar potential complex distribution. Simplifying the time dependent term, we obtain the following equation (12) . This is the field equation for the micromotor in the differential formulation (12) In this equation, the scalar potential is the unknown variable. Equation (12) shows that differential formulation imposes derivability conditions on field functions that are restrictive from the physical point of view. This is a Poisson equation and requires that the domain contains a homogeneous material and that the potential admits second order partial derivatives. Alternatively, if the domain is composed of different materials, it must be subdivided into subdomains, which contain a homogeneous material. Then, the Poisson equation is applied to every subdomain and on the separation surfaces a jump condition must be satisfied. In other case, a Finite Formulation, based on global variables accepts material discontinuities.
III. ANALYTICAL EQUATIONS
From the basic physical principles that govern the micromotor behaviour, we determined an analytical equation for a planar elemental model [12] . It is very important to know the potential in the interface for verification purposes, and to calculate the torque through the electrostatic field and the induced charge in the mobile part of the micromachine. To accomplish this task we apply the charge conservation law in the interface.
We start from Laplace equation (13) This equation has been particularized for the following boundary conditions -zero Volts for the inferior plate of the mobile part and V Volts for the fixed part.
From the charge conservation law in the interface, we write:
Once we have developed the terms of these equations we obtain: (15) where, (16) 
coth coth (17) Equation (15) represents the analytical voltage in the interface of the micromotor and it will be the reference for our Finite Formulation. According to Finite Formulation, global variables can be also classified into configuration, source, and energy variables [1] . The configuration variables describe the configuration of the field without the intervention of the material parameters. The source variables describe the source of the field without involving the material parameters. The energy variables are the product between a configuration and source variables.
Cell Method requires the use of a pair of oriented cell complexes, one dual of the other, endowed with inner (i,j,k cell) and outer orientation (1,2,3 ,...,11 cell), respectively, as can be seen in Fig. 2 .
According to the Finite Formulation of the electromagnetism, a first principle [3] says that the configuration variables are naturally associated with space and time elements of a primal cell complex endowed with inner orientation, while the source variables are associated with space and time elements of a dual cell complex endowed with outer orientation. The second principle says that in every physical theory there are physical laws that link global variables referred to an oriented space-time element with others referred to its oriented boundary.
The corresponding dual cell complexes, that we are going to follow are derived according to the barycentric subdivision [14] , as can be seen in Fig. 2 .
A. Topological equation of the micromotor in discrete form
The field equation of the micromotor can be enforced, on the cell complexes, in exact discrete form by using appropriated incidence matrices. They are called G, C and D and denote respectively the edges-node, faces-edges, and volumes-faces for the oriented primal cell complex.
Let matrices G , C and D denote, respectively, the edges-node, faces-edges, and volumes-faces for the oriented dual cell complex. These matrices above may be viewed as discrete counterparts of the differential operator gradient, curl, and divergence, respectively, [5] and [10] . The following equations represent the counterparts of the differential Laws that we have seen in section II:
Gauss Law: (18) where is an electric flux vector associated to the dual faces and an electric charge vector associated to the dual volumes.
Faraday Law (for Quasi-Electrostatic conditions):
where V is an electric potential vector associated to the primal nodes and U an electric potential vector associated to the primal edges. Charge conservation:
where I is a current intensity vector associated to the dual faces.
The duality between the oriented primal and dual space cell complexes, along with some common convection, lead, in general to the following relationships [16] :
B. Constitutive equation of the micromotor in discrete form
The approximation of the method itself begins when the integral voltage and flux state variables, that are allocated on
two different cell complexes, are related to each other by the constitutive material equations. These equations are matrix equations. They contain the average information of the material and on the grid dimension [6] , [10] , [15] and [17] .
Since the equations (18)- (20) are exact and contain only topological information, the discretization error is found to be located in the discrete constitutive material equations.
In the micromotor, we have volumetric and superficial properties (volumetric conductivity and permittivity, superficial conductivity), that is why we considerate two classes of cell for the discrete constitutive material equations. One is volumen cell and the other face cell. This corresponds in 2D to face and edge cell, respectively.
The constitutive equations for a simple primal-dual cell, see where U 1 , U 2 and U 3 are the voltage associated to the edges I 1 , I 2 and I 3 respectively (see Fig. 3 Fig. 3 ). 
Where A, B and C are dependent on geometry of the primal cell and (22) and (23) and Gauss Law (18) were U is expressed by means of (19), obtaining (30) where (31) For computational purposes it is convenient to proceed with one cell at time. To obtain the global fundamental matrix we must assemble all the local fundamental matrices on the reference cell, see Fig. 3 . For a 2D, in case of triangular elements under the hypothesis of uniform field and using a dual mesh with barycentric subdivision, the resulting matrix for one element is symmetric. Moreover, this matrix is coincident with the element matrix obtained with Finite elements with affine approximation of the electric potential within of the triangle [4] and [10] , so the resulting system of equations is coincident. To solve equation (30), first we applied the following boundary conditions, one travelling wave on upper side, 0 V in the lower side, and periodic boundary conditions on the left and right side, see Fig. 1 . It has been developed a program in Scilab language for the matrix calculus and the resolution of the equation system. Gmsh program has been used as automatic 2D finite element grid generator and advanced visualization capabilities [18] . Figure 4 represents the imaginary part and Fig. 5 the real part. Figure 6 represents the potential in the interface versus the conductivity.
Typical maximum discrepancies are lower than 0.1%. We have also calculated the electric field in the interface. CM results and analytical solution results can be seen in Table III and in Fig. 7 for a conductivity of 1/(
The error between the results obtained using analytical equations and the CM are neglected.
CM convergence has been guaranteed with the refining of the meshes of the micromotor as can be seen in Table IV 
VI. CONCLUSION
A mathematical model has been deduced for the induction electric lineal micromotor using the field equations in differential and finite form. An exact analytical equation has been found. Using this equation the potential and the electrical field has been determined.
Results have been compared and errors are neglected (lower than 0.1%). An analysis using CM and FEM has been carried out and the global matrices of both methods are equal. Hence, both results are coincident.
